
THE CHI-SQUARE STATISTIC

Comparing observed and expected frequencies:

Meaningful v. meaningless differences
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The following example explores a problem from statistics using arrays and the summation operator, Σ. The chi-square statistic is appropriate whenever we need to compare the frequency with which we observe an event to the frequency we expect to observe it. The statistic aims to distinguish meaningful from meaningless differences.




EXAMPLE PROBLEM:
LIKERT-SCALE QUESTIONS

• Did the instructor dress appropriately for class?

• (a) always

• (b) most of the time

• (c) seldom

• (d) never
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At the end of each semester, the university asks you to complete an evaluation of each of your courses. The evaluation consists of several questions and possible responses. For example, “Did the instructor dress appropriately for class?” Statisticians call the possible responses “categories” or “bins.” The number of participants selecting each category is its observed frequency. However, students may not always agree on what is “appropriate,” so we expect to see a range of answers. But if students choose answers randomly, we expect to see nearly equal numbers of responses for each question. How can we tell whether the data are meaningless, random selections, or meaningful data that tells us something helpful about the instructor’s attire? That is the question that the chi-square statistic attempts to answer.




IS THE DATA VALID OR RANDOM?

• 100 students responds:

• (a) always 40

• (b) most of the time 30

• (c) seldom 20

• (d) never 10
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As a simple example, assume that 100 students completed the evaluation: 40 chose (a), 30 chose (b), 20 chose (c), and 10 chose (d). Did they choose randomly, or will the data benefit the instructor?




THE CHI-SQUARE FORMULAS

• N = the number of data values (students responding) = 100

• k = the number of categories (choices) = 4

• fe = the expected frequency if the data are random = 100 / 4 = 25

• fo = the observed frequency = 40, 30, 20, and 10
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We begin by exploring each formula separately. The expected frequency is the number of responses we expect to see for each category if students select randomly. We calculate it by dividing the number of students completing the evaluation by the number of categories or possible answers.
The chi-square statistic, named after the Greek letter χ, might seem intimidating, depending on your mathematics background. Knowing two things about the formula will make converting it to C++ easy and less intimidating. First, the observed frequency is a list of values that we can naturally represent as an array. Second, the capital Greek letter Σ is the summation operator. It means summing or adding a sequence of values.




fe: EXPECTED FREQUENCY
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• C++ can’t replicate subscripts

• Write subscripts with “regular” text

int k;
...
int N;
...
double fe = (double)N / k;
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The expected frequency is a simple quotient: the total number of participants, N, divided by the number of categories or possible choices, k. Depending on where and how a formula uses them, subscripts can have various meanings. In this case, they differentiate between two frequencies. C++ can’t replicate subscripts, so by convention, programmers form variable names by lifting the subscript to the same level as the base name.
The program defines k, the number of categories, and N, the number of participants, as integers. Performing division operations with integer arithmetic can cause truncation errors, so the program casts one of the variables to a double.




χ2 AND FREQUENCY SIGNIFICANCE
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The chi-square formula compares the observed and expected frequencies to determine whether the difference between them is statistically significant. The formula uses subscripts to distinguish between the two frequencies. It’s possible to program the standard chi-square formula directly, but moving the divisor outside the summation operation makes the program more efficient and easier to program. Beginning with the second version of the formula and plugging in the example data allows us to remove the Σ operator and illustrates its behavior. The program sums the individual terms and divides the sum by the expected frequency.




PROGRAMMING χ2

double    sum = 0;
for (int i = 0; i < k; i++)

sum += pow(fo[i] - fe, 2);

double chi2 = sum / fe;

• The Σ operator combines two behaviors

• It loops over the elements of the observed 
frequencies

• It adds a sequence of terms

• Converting Σ to C++ requires two 
features

• A for-loop to iterate and index

• += to sum the formula terms
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The Σ operator condenses a great deal of meaning into a single symbol. It implies iterating over all the elements in the observed frequency array. It also implies summing a sequence of terms. Implementing the Σ operator requires two C++ features: a for-loop to iterate over and index into the observed frequency array and the addition-with-assignment operator to sum up the computed terms.




CHI-SQUARE SOLUTION:
TWO IMPLEMENTATIONS

• Single function solution

• Focus on data input and output

• Converting formula, especially ∑, to C++

• Client-supplier solution

• Separating input and output from computation is good program design

• A supplier defines and supplies reusable services

• The client is an application program that uses the supplier’s services
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We’ll write two versions of the program. The first version consists of a single function written in a single file. This implementation focuses on converting formulas, especially the Σ operator, into C++ code. The second version follows a client-supplier architecture, an authentic program design that makes the chi-square function more reusable and clarifies the client’s purpose. The video describes the essential concepts and the fundamental implementation processes. The text provides complete versions of both programs.
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